2-D vector rocket equations with air drag

1. Burnout time

The average mass of the rocket during boost is
(1.1) m, =m, +%

m, = Average mass [ kg ]
m,, = Rocket dry mass [ kg ]

m, = Propellant mass [ kg ]

The coast mass is equal to the rocket dry mass.

The air drag F,, for the rocket is given by

(12) F, =k0j;, :%DDBCDR A,

. m
v. = Burnout velocity [ —]
s

Tp

p = Air density [k—g3]
m

C Dy = Drag coefficient of the rocket [-] (0.75 for average rockets)

A, =Rocket cross-sectional area [m®]

The thrust of the rocket F; is then

(13) F, =T -m, [z -kDj;

T = Motor thrust [ N ]

g = Acceleration of gravity [ﬁz]
s

The definition of force is

(1.4) F=mla



As the mass is constant the factor rule in differentiation allows the mass to move outside
the derivative operator, and the equation becomes

(1.5) F —mi
dt
(1.6) m, %:T—mA G-k’

(1.7) m, dfl—v:T—mA % -k O
t

(1.8) dr = m, Ldv _ m, Ldv
T-m,g-k0* ] —fZA g

Substituting x’ 2% yields to

(1.9) = aldy  _m o dv

kG*-kE@*  k x*—V?

To get now the burnout time 7, , we integrate over v,

_mA 1
(1.10) 1, _Tq(xz—vzjdv’f?

n(x+ v, )-— ln(vrB -X) N
2x

I
(1.11) tB:%D C

With the condition 7, =0 (and thus v, =0) we can determine the integration constant
C:

(112) Magn® =00

k 2x
(1.13) C :ﬂdn(—x)—ln(x)
' k 2x
(1.14)
fy = M )TN0, 7Oy I L Mgy ) =iny, = 20+ In(=x) ~In(o)
Pk 2x k 2x 2 o s



(1.15)

Iy =

7 2x

m x+v,
(1.16) t, = A [n £
20k & xX=v,

2. Burnout velocity

Solving now for v, :
B

x+v
(1.17) 2[21:&@3 :h{ ]

m, xX=v,

20 &

m,

x+v,
(1.18) y@,:ln[ BJ

Substitution y =

X~V

g

x+v,

B

(1.19) &% =
X—V

g

(1.20) x@"% ~x=v, (1+2")

vl -1
12D v, =x E A

The burnout time 7, can be also written as

1 sp Ve

T glr

I, =

I, = Specific impulse [ s ]

m, Dln(x +v, )=In(v, —x) My dn(—x) ~In(x) _ m,

ol o)

Burnout time equation

Burnout velocity equation



v, = Effective exhaust velocity [E]
s

3. Burnout altitude

To get now the burnout velocity &, we need to integrate 1.21 over the burnout time:

C

(1.22) h, :J.(xﬁym_ljd% _ ZDcEI]n(eyma +1)—t3 BIEY N
e

ym_*_l y

20k (™ +1)—tBDcEy+
y

C

(1.23) h, =

With the condition A, =0 (and thus 7, =0) we can determine the integration constant
C:

20 0n(2
(1.24) —()+C =0
y
2&0n(2
(1.25) C =——( )
y
yity +
(1.26) b, =22 El]n(e lj—tB 5!
y 2
Substitution y = 2kt
m,
m e’ +1 . .
1.27) h, = TA In 5 —t, [k Burnout altitude equation 1

Replacing ¢’ by

x+v
(1.28) — & =¢'%
X—V

Ip

yields to



g

(1.29) h, :ﬂmn( al ]—zB O
k x—v

m x+v,
(1.30) t, =—=—1Mn .
20k & xX=v,

(1.31) hy =24 | —— |-| 24
k xX=v, 20 &

x+v,
xX=v,

xtv
(1.32)h3=% a —m“‘[ﬂn( J

m X X~V

1.35) hy =—2-[n
(1.35) =

m X’
(1.36) hB:Z&EI]n( 2 2]

4. Coasting altitude

Burnout altitude equation 2

After the rocket has reached the burnout altitude, the so called coasting phase begins. The
rocket has then the dry mass m,, and the initial velocity v, . To derive the coast altitude

h. we start again with the definition of force:

(1.37) F=m@=m@%



(1.38) m, El’%=—mD % -k

m,, b Ldlv

1.39) dh=———
(139) -m, [k —k O’

my,, b Ldly
kEli_m][(’ SR

(1.40) dh =

N [d
k

Substitution z> =

(141) dp="o gV14"
k z7-v

m, _vldy
1.42) dh=—L
(1.42) PRRSER

m 1%
(1.43) hy =7’)Ef Z_VZJJVZB

ayhe = o = 2 -

With the condition s, =0 (and thus v, = 0) we can determine the integration constant
C:

(1.45) Z-n(2) +C =0

(1.46) C = —;n—&[]]n(zz)

(1.47) h, :%m(zz -2 ) =22 [ (2?)

2 2
< = vt . .
(1.48) h. = ;nDD{t []]n{ 2 J Coast altitude equation




5. Coast time

To determinate the time 7. from v, to 0 (coasting time), the starting point is again the

definition of force. The acceleration is here negative:

(1.49) F =m[{~a) = mté—@j

dt
(1.50) m,. Eﬁ—%) =-m. g -k’

(150 dr=m B—L
m.Lg+kb

(1.52) dr =m,3—9"

kdnck—@ﬂcl}z

Substitution z,* = mck@
_mg. . dv

(1.53) dr="ep 2
k z,+v

a

. arctan(’gj

m m Z

1.54) 1, = e Ly c
(139 tc k [J.{zj+v2jdvr3 k Z

a

With the condition 7. =0 (and thus v, =0) we can determine the integration constant

C:

arctan(j
(1.55) %Gizaw =0=C=0
Z

a

<

a a

(1.56) 1. =" [rctan| ~=
T kg

Coast time equation



6. Parachute size

The desired maximum decent velocity for a rocket is 3-5 —. Therefore the parachute size
s

needs to be accordingly calculated.

The maximum velocity v, is then reached if the acceleration a =0, hence

(1.57) F=mla=0=m, @—%EDP [pA, °

(158) v, = | 2T %
CDP LpLA,

C,, = Drag coefficient of the rocket [-] (0.75 for a flat sheet used for a parachute, or 1.5
for a true dome-shaped chute).

A, = Parachute area [m”]

Solving for A, :

\S}

(1.59) A, _ 2yl

v [C,, [

P

oo

2

) D ) .
The chute areais A, = 2 P 5o the chute diameter is

(1.60) D, = Szﬂn—D@ Parachute diameter equation
i, €, Lp




